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Abstract: We study natural lepton mass matrices, obtained assuming the stability of
physical avour observables with respect to the variations of individual matrix elements.
We identify all four possible stable neutrino textures from algebraic conditions on their
entries. Two of them turn out to be uniquely associated to specic neutrino mass pat-
terns. We then concentrate on the semi-degenerate pattern, corresponding to an overall
neutrino mass scale within the reach of future experiments. In this context we show that
i) the neutrino and charged lepton mixings and mass matrices are largely constrained by
the requirement of stability, ii) naturalness considerations give a mild preference for the
Majorana phase most relevant for neutrinoless double- decay,   =2, and iii) SU(5)
unication allows to extend the implications of stability to the down quark sector. The
above considerations would benet from an experimental determination of the PMNS ratio
jU32=U31j, i.e. of the Dirac phase .
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1 Introduction
The path towards the understanding of the origin of avour takes us past fermion mass
matrices, which carry the imprint of the dynamics, if any, determining the structure of
fermion masses and mixing. Unfortunately, the SM physical avour parameters, masses and
mixings, strictly speaking do not allow to reconstruct the fermion mass matrices. Indeed,
a change of the avour basis would change the neutrino and charged lepton mass matrices,
M ! V Tl MVl; ME ! V TecMEVl; (1.1)
but not the physical observables.
A top-bottom perspective is most often taken, plagued however by a landscape of
equally motivated options for the dynamical origin of the avour structure (discrete and
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continuous symmetries [1{7], accidental symmetries [8, 9], partial compositeness [10, 11],
extra dimensions [12{15] or even anarchy [16] | see [17] for an overview and further refer-
ences), to be confronted with the limited data available. Even restricting to avour symme-
tries, the large number of possible models reduces the signicance of a successful prediction.
On the other hand, the mere assumption of the existence of a top-bottom perspective
allows, as we will see, to infer relevant information on the fermion mass matrices and
pursue a bottom-up approach, despite eq. (1.1). That is because the top-bottom perspective
implies the existence of a (unknown) privileged avour basis, determined by the (unknown)
fundamental avour theory, in which the fermion mass matrices are directly related to the
independent fundamental parameters of the theory from which they originate. Because of
eq. (1.1), in all other bases the mass matrix entries will instead be highly correlated, obscure
functions of the fundamental parameters. It is the former observation, together with the
peculiar experimental values of the avour parameters (especially their hierarchies), and a
simple stability principle [18] that allows, in some cases, to infer a signicant part of the
structure of the mass matrices. In turn, this may provide general, model independent hints
on the dynamics underlying the structure of the mass matrices.
We extend the work of [18] by applying the stability principle to the small \solar"
mass squared dierence m212. This allows us to identify all four stable neutrino mass
matrices. Interestingly, two of them uniquely correspond to specic neutrino mass pat-
terns. Hence in this context a future determination of the neutrino spectrum will have a
chance to uniquely identify the neutrino mass texture. We will mainly focus on the case
of \semi-degenerate" Majorana neutrinos, a neutrino pattern in which two neutrinos are
approximately degenerate and the third one is neither degenerate nor hierarchically dier-
ent, thus implying an overall neutrino mass scale within reach of future experiments. Such
a spectrum is uniquely associated to texture A in table 1. However, the results we will
obtain, which include stringent constraints on the lepton mass and mixing matrices and a
mild preference for one of the Majorana phases, will also apply to texture B.
This paper is organized as follows. After introducing the stability principle in section 2,
we derive the resulting possible structures of the neutrino mass matrix in section 3. Out of
these possibilities, we focus on the case of semi-degenerate neutrinos in section 4, discussing
implications for the neutrino and charged lepton contributions to the lepton mixing matrix.
In section 5 we return to the other possible stable structures for the neutrino mass matrix,
before concluding in section 6. Some details and important proofs are relegated to the
appendices: appendix A shows the derivations of the main results of section 3 in the limit
m212 ! 0. Appendix B extends this to nite values of m212 for the mass structure
discussed in section 4. Appendix C gives some details about the denition of the stability
principle and nally appendix D deals with the consequences of the stability assumption
on the charged lepton sector.
2 The stability principle
The assumption we use is quite basic. We assume that physical quantities, in particular
the hierarchical ones (the small ratio of charged fermion masses and the small ratio of
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the \solar" mass squared dierence over the \atmospheric" one, jm212=m223j), are stable
with respect to small (but nite) variations of the individual matrix entries.1 Such an
assumption is quite model-independent. It was introduced and systematically used in [18]
in the charged lepton sector. In this work, we extend that study to the entire lepton sector.
The motivation of the assumption is straight-forward: an \understanding" of the small-
ness of e.g. the light fermion masses requires that smallness not to be accidental, i.e. to be
stable with respect to variation of independent, fundamental parameters. This goes with-
out saying. What we are assuming is that all matrix elements correspond to independent
fundamental parameters.
The main caveat to our assumption is then that correlations among dierent matrix
elements might arise, for example as a consequence of a non-abelian symmetry. The latter
is of course a concrete possibility, widely studied in the literature. On the other hand,
in the light of the fact that experimental hints could have piled up by now in favour of
models predicting such correlations, but they have not so far, we do not consider the case in
which correlations are absent to be less motivated. Having said that, the principle can be
applied (though in a more model-dependent way) to theories predicting correlations among
matrix entries as well, by simply expressing the relevant physical quantities in terms of the
independent parameters of the theory.
In the neutrino sector, the stability assumption is most powerful when applied to the
solar squared mass dierence, as its value is signicantly smaller than the atmospheric
one, jm212=m223j  0:03  1 (for a review on neutrino masses and mixings, including
experimental constraints and details on the notation commonly used, see [24]). As a
consequence, m212 is potentially quite sensitive to variations of the neutrino mass matrix
entries. Following [18], the quantitative formulation of the stability of m212 with respect
to variation of a matrix entry Mij we will use is(m212)Mij M

ij
m212
 . 1 for jMij j  jMij j: (2.1)
In other words, when Mij is varied by a small relative amount jMij=Mij j, the correspond-
ing relative variation of m212 should not be much larger, j(m212)=m212j . jMij=Mij j.
The denition is of course closely related to the denition of ne-tuning, or sensitivity pa-
rameter [25], which only diers in the size of the variation, here taken to be small but
nite. Such a dierence makes our criterium apparently only slightly stronger than the
ne-tuning one, but plays an important role, as discussed in appendix C.
3 Consequences of the stability assumption
We start from the following proposition about stable Majorana neutrino textures.
1See also [19{23] for alternative approaches to natural mass matrices.
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A B C D
0BB@
X
X
X
1CCA
0BB@
X
X
1CCA
0BB@
X X
X
X
1CCA
0BB@
X
1CCA
IH 3 3 3 7
NH 3 7 7 3
SD 3 7 7 7
Table 1. The four stable neutrino textures in the m212=m
2
23 ! 0, m223 6= 0 limit, up to
permutations of rows and columns. The non-zero entries are denoted by X. Also shown are the
neutrino patterns associated to each texture, inverted hierarchy (IH), normal hierarchy (NH), semi-
degeneracy (SD).
In the limit m212=m
2
23 ! 0, the neutrino mass matrix M satises eq. (2.1)
i it is in one of the following two forms:0BB@
0 m 0
m 0 0
0 0 m3
1CCA or
0BB@
0 m m0
m 0 0
m0 0 0
1CCA ; (3.1)
up to a permutation of the rows and columns.
The parameters in eq. (3.1) can be taken to be real and non-negative without loss of
generality. In order to ensure a non-zero m223, one out of the two parameters in each
matrix must be non-zero. On the other hand, one of them can vanish, leading to the four
options in table 1.
The proof of the proposition makes use of two observations. The rst one is that the
stability of m212 implies the stability of the parameter
  (m212m223m213)2; (3.2)
i.e. it implies,  Mij M

ij

 . 1; (3.3)
as m223, m
2
13 are never very sensitive to variations of the mass matrix entries. The
advantage of discussing the stability in terms of  is that  has a calculable polynomial
dependence on the matrix entries Mij and their conjugate M

ij . As a consequence, the
variation  = (Mij + M

ij)   (Mij) that appears in the stability condition is a
calculable polynomial in Mij and its conjugate. This is shown in appendix A.
{ 4 {
J
H
E
P
0
6
(
2
0
1
6
)
0
3
1
The second observation is that the stability condition in eq. (3.3) can be re-written as
j((Mij + Mij) (Mij))Mij j . j Mij j, which, in the m212 ! 0 limit, becomes
Mij (M

ij + M

ij) = 0: (3.4)
As Mij (M

ij+M

ij) is a polynomial in M

ij and its conjugate, its vanishing for all M

ij
in a neighbourhood of zero (no matter how small) implies the vanishing of all coecients,
in turn polynomials in Mij , M

ij . One then obtains simple algebraic conditions on the
entries of a stable M , which lead to eq. (3.1). This is also shown in appendix A, where
the discussion of the simple 2  2 case can also be found.
The textures in table 1 are well known and widely studied in the literature, see e.g. [26{
30]. Here we have for the rst time rigorously associated them to the stability of the
small m212, and shown how they can be obtained from the solution of simple algebraic
conditions. Moreover, as we will show in the following, we will obtain relevant information
on the size of the entries set to zero in eq. (3.1), and as a consequence experimental data
to come will provide signicant information on the structure of the charged lepton mass
matrix as well.
The textures in table 1 are classied in terms of the neutrino mass pattern they cor-
respond to. Texture D corresponds to normal hierarchy, textures B and C to inverted
hierarchy, and texture A can correspond to both, depending on whether the 33 entry is
larger or smaller than the 12 entry (m3 ? m in eq. (3.1)). Note that it is possible to
continuously go from texture A to B and D, and from texture C to B, by making one of the
non-zero parameters small. Texture A (if the entries are of the same order of magnitude)
corresponds to semi-degenerate neutrinos (see section 4). Interestingly, future measure-
ments might lead to the unique identication of the neutrino texture. For example, if the
sum of neutrino masses turned out to be out of reach and the determination of the sign of
m223 pointed at a normal ordering, that would select texture D. If the sum of neutrino
masses will end up to be in the range accessible by planned experiments, this will force
a semi-degenerate spectrum, and will select texture A. Let us discuss it in greater detail
the latter possibility. Most of the analysis in the next section applies to texture B as well.
However, experimental data alone does not allow to uniquely identify texture B. This is
because the latter corresponds to the same mass pattern as texture C, which however has
dierent implications for the lepton mixing matrices (see section 5).
4 Semi-degenerate neutrinos (case A)
The case of semi-degenerate neutrinos turns out to be particularly interesting because i) it
leads to quite specic forms of the lepton mass matrices and ii) it corresponds to a sum of
light neutrino masses mtot not much below the present experimental limit, perhaps within
the reach of possible future generation of experiments aiming at determining the absolute
neutrino masses (currently the strongest bound on the absolute neutrino mass scales comes
from cosmological probes [31], with signicant improvements expected from a new genera-
tion of spectroscopic surveys and CMB experiments [32, 33]). As mentioned, most of the re-
sults we will obtain, specically section 4.3, section 4.4, section 4.5, also apply to texture B.
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4.1 Denition
As mentioned, we call the light neutrino mass spectrum semi-degenerate2 when the two
neutrinos 1 and 2 are quasi-degenerate, and the third neutrino is neither hierarchically
larger or smaller than 1;2, nor degenerate. Semi-degeneracy is compatible with both
normal and inverted hierarchy, depending as usual on whether the third neutrino is heavier
or lighter than the other two.
Figure 1 shows that in a signicant range below the present bound on mtot, here taken
to be mtot < 0:23 eV [24], corresponding to the right edge of the plot, the neutrino spectrum
is indeed semi-degenerate, with
m21  m22  m2 
m21 +m
2
2
2
; m  m3; (4.1)
or equivalently
2  m
2
12
2m2
 1; k2  jm
2  m23j
mm3
= O (1) : (4.2)
As a consequence,
 = (m212m
2
23m
2
13)
2  (m212)2(m2  m23)4: (4.3)
4.2 Stability
Suppose that mtot is found to lie in the measurable range below the present bound and
consequently the light neutrinos are semi-degenerate. Then we know the form of the light
neutrino mass matrix, if stable. In the limit in which we neglect m212 correction, it is in the
form A in eq. (3.1), with m  m3, up to permutations of rows and columns. Permutations
that can be neglected, as we can always bring M in the form A of table 1 by properly
numbering the three lepton doublets. On top of that, we can use the stability condition to
infer the form of M in the realistic case in which m
2
12 is small but not zero. As shown
in appendix B,
M =
0BB@
0 m 0
m 0 0
0 0 m3
1CCA+ M ; jM j .
0BB@
2m 0 km
0 2m km
km km 0
1CCA ; (4.4)
where , k are dened in eq. (4.2). As discussed in appendix B, similar bounds apply to
the case of texture B, in which m3 = 0.
4.3 Neutrino contribution to the PMNS matrix
The above result determines the natural values of the contribution of the neutrino sector
to the PMNS matrix, with signicant implications for the structure of the charged lepton
sector. A perturbative diagonalization of M in eq. (4.4) yields
M = U
T
 M
diag
 U ; U = Diag(1; i; 1)
R12

4
 
 1
U 0	 ; jj . 2 (4.5)
2Sometimes called \partially degenerate" [34], although this terminology is sometimes used with dierent
meanings.
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Figure 1. Neutrino masses mi and the degeneracy parameters as dened in eq. (4.2) in terms of
the lightest neutrino mass, for normal and inverted ordering. The vertical line on the right-hand
side denotes the current upper bound on the neutrino mass scale [24], the gray shaded region on
the left indicates the violation of the semi-degeneracy condition, i.e. k > O(1).
where the crucial factor is the 12 rotation R12 by an angle that diers from =4 by only
O  2 or less. The factor i is necessary to obtain Mdiag > 0, and 	 is a diagonal matrix
of phases. Finally U 0 = 1 + O () is a relatively small correction obtained by combining
two unitary transformations in the 13 and 23 blocks. The eigenvalues in Mdiag are ordered
in the standard way.
Eq. (4.5) shows that the diagonalization of the neutrino mass matrix provides an
12 angle very close to =2. Therefore, while the neutrino sector provides the leading
contribution to the solar mixing angle 12, it does not account for the observed deviation
of 12 from =4. While the central value of the observed deviation is, according to [24],
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2  k FTmin
NH 0.0071 0.084 0.62 60
IH 0.0054 0.074 0.65 80
Table 2. Numerical values of the quantities dened in eq. (4.2) in the semi-degenerate regime,
for mtot = 0:23 eV, and normal (NH) and inverted (IH) hierarchy. Also shown is the minimal
ne-tuning required to obtain a deviation from =4 as large as =4  12 in eq. (4.5).
=4   12  0:2, eq. (4.5) alone would give =4   12 =  . O
 
2

. Figure 1 and the
numerical values of 2 in table 2 show that this is far from being enough.
We can reverse the argument and estimate how unstable the neutrino mass matrix
would be in order for the deviation of the 12 rotation angle to be  = =4  12. For that,
it is sucient to consider the 12 block of M , which, up to a irrelevant constant, is the form 
a 1
1 b
!
; (4.6)
with a, b complex. The stability of m212 requires jaj; jbj . 2. On the other hand, the
relation
jaj+ jbj = 2 ja+ b
j
jaj   jbj tan(2)  2 tan(2)  0:8 (4.7)
forces jaj+ jbj  22. This requires a ne-tuning, because at the same time ja+ bj needs
to be small in order to keep 2 = m212=(2m
2) small, as
ja+ bj = cos(2)2

1 +
jaj2 + jbj2
2

: (4.8)
In other words, a and  b must be ne-tuned to be approximately the same, with the size
of their dierence, ja + bj, much smaller than jaj  jbj  (jaj + jbj)=2. Dening then the
ne-tuning to be given by FT = [(jaj+ jbj)=2]=ja+ bj, we have
FT  tan(2)
cos(2)
2m2
m212
1
1 + jaj
2+jbj2
2
 tan(2)
cos(2)
2m2
m212
 1
2
: (4.9)
Numerically, the required minimum ne-tuning turns out to be quite large, as shown in
table 2 and in gure 2. Strictly speaking, the above formulas hold in the regime jaj; jbj . 1.
When jaj; jbj  1, the analysis is dierent, but the outcome is similar.
In summary, the neutrino contribution to the solar mixing angle is expected to be
very close to =4. The deviation of 12 from =4, as well as the large value of the atmo-
spheric angle 23, must therefore originate in the charged lepton sector. This has strong
implications on its structure, as we will see now.
4.4 Charged leptons
As we have seen in the previous subsection, a semi-degenerate neutrino spectrum requires
the measured deviation of 12 from =4 and 23 to originate mostly from the charged lepton
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Figure 2. Minimal ne-tuning needed to obtain a deviation from =4 as large as =4   12 in
eq. (4.5).
sector. Following [18], in this subsection we show that i) this is possible and compatible
with the stability of the charged lepton sector, ii) the deviation of 12 from =4 and the size
13 turn out to be essentially independent, and iii) the charged lepton mass matrix needs
to take quite a specic form. Our approach therefore provides several pieces of the lepton
avour puzzle, as the neutrino and charged lepton mass matrices are a direct emanation
of the physics from which lepton avour originates.
The charged lepton mass matrix, in particular its last and leading row, can be recon-
structed from
ME = U
T
ecM
diag
E Ue; (4.10)
as MdiagE = Diag(me;m;m ) is known, Ue can be obtained from Ue = UU , with U
denoting the PMNS matrix. Here U and U are now known (up to phases) from data
and eq. (4.5) respectively, and Uec turns out to be constrained by stability. In order to
reconstruct ME from eq. (4.10), let us start with obtaining Ue.
4.4.1 Ue
In order to obtain Ue from Ue = UU , it is convenient to write the PMNS matrix U using
the parameterisation in [20, 35] (see also [36]).
U = ^eR12(
0
12)
0BB@
1
e i
1
1CCAR23(^23)R12(^12)^ ; (4.11)
where ^ = Diag(1; e
i^; ei^) contains the Majorana phases and ^e is an unphysical diagonal
matrices of phases. In this parameterisation, ^23, ^12 are close to the standard PMNS
parameters 23, 12 [24] respectively, while 
0
12 mainly determines the 13 angle (and  the
CP-violating phase ):
tan 12 = tan ^12
1+e i tan 012 cos ^23= tan ^121 ei tan 012 tan ^12 cos ^23
 sin  = sin sin 2^12sin 212 ;
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sin 13 = sin 
0
12 sin ^23 e
i( ) = ei(^ ^) Ph(1  tan 012 tan ^12 cos ^23ei) ; (4.12)
tan 23 = tan ^23 cos 
0
12 e
i = ei^ Ph(1 + tan 012= tan ^12 cos ^23e
 i) :
Eq. (4.12) also shows that the the \Dirac" phases  and , as well as the Majorana phases
^, ^ and the corresponding ones in the standard parameterisation, ,  [37], are also
relatively close. A numerical t of the parameters ^23; ^12; 
0
12;  based on the updated
constraints in [38] is shown in gure 3.3
We can now combine U and U to obtain Ue. We will neglect here the .  contributions
from U 0 in eq. (4.5), as these turn out to be subdominant in the vast part of the parameter
space (a notable exception is when these contributions saturate the naturalness bound and
cancel the PMNS contribution to e12, in which case some of the bounds quoted in this sec-
tion can be avoided, see appendix D for details). Ue turns out to be in the same form as U ,
Ue = eR12(
0
12)
0BB@
1
e ie
1
1CCAR23(^23)R12(e12)	e; (4.13)
where e, 	e are again irrelevant diagonal matrices of phases. Note that Ue is determined
by the PMNS angles 012 and ^23, and by the angle e12, which is the result of combining
the PMNS rotation ^12 and the =4 neutrino rotation. In the absence of phases, we would
have e = =4  ^12. Because the combination of the two rotations does involve phases,
we have instead

4
  ^12  e12 

4
+ ^12: (4.14)
The precise value of e12 in the above interval (and the phase e) is known if the Dirac and
the Majorana phases (, ^, ^) are,
tan e12 =
 1  ei tan ^121 + e i tan ^12
 ; ei = ei(^ =2): (4.15)
For completeness, the phase e is given by
eie =  ei( ) Ph
 
1  ei tan ^12
1 + e i tan ^12
!
: (4.16)
From the phenomenological point of view, it is important to note that there is at
present a 2 preference for ^12 to be dierent from =4 (corresponding to the vertical
dashed lines in plots (b,d)), which implies e12 6= 0; =2 for any value of the phases. In order
to strengthen this conclusion, a better experimental determination of ^12, i.e. jU32=U31j, or
 in the standard parameterisation, is needed.
3Our  diers from that of [39] by a sign. Eqs. (4.12) determine  up to a twofold ambiguity. A full
formula is
ei tan 12 = e
i tan ^12 + e
 i tan 012 cos ^23
1  ei tan ^12 tan 012 cos ^23
:
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Figure 3. 68%, 95%, and 99:7% condence level contours in the (sin 012; sin ^23) (a,c) and
(sin ^12; ) (b,d) planes. We construct the likelihood function using the results of the recent global
t of neutrino oscillation data from ref. [38] for normal ordering (upper row) and inverted ordering
(lower row) of neutrino masses. In plots (a,c) we use only the constraints on sin2 13 and sin
2 23.
In plots (b,d) we include also the constraints on sin2 12 and , and we marginalize over sin 
0
12 and
sin ^23. The dashed line indicates a value of ^12 = =4.
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From a model-building point of view, a relevant remark concerns the expected size of
e12. While in principle 
e
12 can be anywhere in the range in eq. (4.15), we argue that simple
naturalness considerations mildly favour the lower end of that interval, which in turn has
implications for the value of the Majorana phases. Let us rst remind that ^12, and the
PMNS matrix in general, is a derived quantity, obtained by combining the charged lepton
and neutrino rotations e12 and =4, directly related to the underlying mass matrices. What
we are doing here is inverting that relation and reconstructing e12 in terms of ^12 and =4.
Now, ^12 is relatively close to =4, the neutrino contribution to it. If ^12 turned out to
be very close to =4, this would suggest that the charged lepton correction e12 to =4 is
small, e12  04 (although, by nely adjusting phases, ^12  =4 could also be obtained
for e12 = =4) and e
i  1. The present experimental information suggests that ^12 is
relatively close to =4, but not extremely close. Still, such a closeness might suggest that
e12 lies near the lower bound of the interval in eq. (4.14) and that ^ = O (=2). Again, a
better experimental determination of ^12 would be welcome to assess the size of =4  ^12.
The relation ei  1, if taken seriously, would lead to a prediction for one of the Majo-
rana phases, ^  =2. This in turn would have interesting consequences for the mass pa-
rameter of neutrinoless double- decay m0  j
P
U2eimij. In the semi-degenerate regime,
neglecting O  213 eects, and approximating   ^, the only phase entering m0 is ^,
m0  m j cos2 12 + e2i^ sin2 12j: (4.17)
In the semi-degenerate regime, one has therefore an experimentally accessible value of
m0 = O (m), but the ^  =2 relation implies a partial cancellation between the rst
two terms in m0 , forcing this parameter towards the lower edge of the allowed band
m0  m cos 212: (4.18)
This is demonstrated in gure 4, where we show the predictions for m0 in terms of the
lightest neutrino mass for both normal and inverted hierarchy. The color-coding refers to
dierent values of ^ = f0; =4; =2g, where the green band denotes our preferred value of
^ = =2. The solid lines correspond to xing the mixing angles and mass splittings to their
best-t values according to [38] while varying the three phases ; ;  in the PMNS matrix
(subject to the constraint on ^). The dashed lines refer to the 3 contour, where we have
constructed the 2 function based on the distributions shown in [38] for 12; 13; 23; ;m
2
12
and m223. As in gure 3, we neglect any cross-correlations between these parameters. We
note that restricting the Majorana phase ^, even while all the other phases are uncon-
strained, signicantly reduces the uncertainty on m0 . In addition, the blue shaded
regions in gure 4 denote the current 3 bounds on m0 [40] and on the sum of neu-
trino masses as constrained by cosmological probes [31], respectively (see [41] for a recent
comprehensive review). The grey shaded region on the lefthand side indicates the region
disfavoured by the requirement of semi-degeneracy, k & O(1). The remaining allowed win-
dow will be probed in a variety of future experiments: (near) future neutrinoless double-
4Or e12  =2. The two cases are however equivalent, as an exchange of the labeling of the rst two
lepton doublets, l1 $ l2, shows.
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Figure 4. Value of m0 for dierent values of the PMNS Majorana phase ^: ^ = =2 (green,
preferred value), ^ = =4 (orange), ^ = 0 (red). The blue shaded regions on the top and righthand
side of the plot denote current experimental bounds, the grey shaded region indicates the mass
range disfavoured by the requirement of semi-degeneracy, see also gure 1.
decay experiments are expected to reach a sensitivity for m0 of O(0:1 eV) or possibly
even O(0:01 eV) [41] while cosmological bounds on the sum of neutrino masses are expected
to improve with future CMB missions and with upcoming spectroscopic surveys (such as
BOSS, DESI and EUCLID), reducing the 1 uncertainty on mtot to O(10 meV) [32, 33].
It should be noted that cosmological bounds on the neutrino mass mentioned above are
based on the assumption of CDM cosmology, whereas the tritium decay experiment KA-
TRIN [42] is expected to lower the bound on the absolute neutrino mass under laboratory
conditions from the current  2 eV [43, 44] to about 0.35 eV.
4.4.2 ME
We can now reconstruct the charged lepton mass matrix, in particular its leading rows, from
ME = U
T
ecM
diag
E Ue. The previous formula and what we have learned about Ue force at least
two (more likely three) large O (m ) entries in the last row. Under this condition, the stabil-
ity constraints on the charged lepton mass force the third row of jME j to be fully determined
by the PMNS parameters, up to corrections of relative order O  m2=m2 = O (0:003) [24],
jME3i j  jU e3ijm = (se12s^23; ce12s^23; c^23)m ; (4.19)
where e12 is related to the PMNS parameters by eq. (4.15) and the ranges of the PMNS
parameters ^12, ^23 are shown in gure 3. The range in eq. (4.14), assuming without loss
of generality tan e12  1, and using the present central values of the PMNS parameters,
becomes
0:13  tan e12  1; (4.20)
with tan e12 = 0 disfavoured at 2 (and a possible preference for values around the lower
bound from the naturalness considerations in the previous subsection). This means that
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ME31 = 0 is also disfavoured and jME31j & 0:13m is preferred. Note that this preference for
tane12 6= 0 may however fade away for specic values of the .  contributions to lepton
mixing from U 0 in eq. (4.5), cf. appendix D.
The stability of the charged lepton masses also provides information on the rst two
rows of ME . Denoting te  tan e12 and t0  tan 012, we can show that there exists a t, with
t0  t  max(t0; te); (4.21)
such that
jME j =
0BBBBBBB@
. me . me min

1
t
;
1
te

. me
t
. tm . m min

1;
t
te

 m
 tem  m  m
1CCCCCCCA
P23;
t0  t  max(t0; te)
0:13 . te  1
t0  0:22
; (4.22)
where we have used our best ts for t0 = tan 012 and for the lower bound of te. P23 repre-
sents a permutation matrix that is either the identity or exchanges the last two columns.
Note that the above results improve on those in [18], where the range of t (there called
1=k) was looser and the constraints on ME milder. As a byproduct, we also obtain stability
bounds on Uec ,
jUec j 
0BBBBBBB@
1 . me
mt
. me
m t
. me
mt
1 . m
m
. me
m t
. m
m
1
1CCCCCCCA
; (4.23)
which will be used in the next subsection. Eqs. (4.22), (4.23) are proven in appendix D.
In summary, with no theoretical assumption but the stability of the small m212
squared mass dierence and of the electron and muon mass, data leads us in the case of semi-
degenerate neutrinos to a unique leading order texture for the charged lepton mass matrices
M =
0BB@
X
X
X
1CCA+ smaller; ME =
0BB@
X? X X
1CCA+ smaller; (4.24)
which represents a model-independent handle on the origin of lepton avour. One can for
example ask in full generality the question whether the above texture, in the limit of van-
ishing corrections, can be obtained from the symmetric limit of a generic avour symmetry
acting (possibly independently) on the lepton elds. It is not dicult to show that this is
not the case [45].
4.5 Compatibility with SU(5)
In SU(5), the matrix Uec is related to U
T
d , where Ud is the down quark contribution to
the CKM matrix V , V = UuU
y
d . In the unbroken SU(5) limit, Uec = U
T
d , but SU(5)
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breaking eects can introduce dierences, governed by SU(5) Clebsh factors, typically of
order one [35]. Stability in the quark sector suggests that V  U yd , and the absence of
cancellations in the determination of the CKM matrix requires that the Ud angles are not
much larger than the CKM ones.
Let us consider the case in which V  U yd . We can then compare jUd12j  sin C  0:22,
where C is the Cabibbo angle, with its SU(5) counterpart jU ec21 j . me=m=t  me=m=t0 
0:02. Clearly, an SU(5) realisation of the stable semi-degeneracy textures studied in the
previous subsections requires quite important Clebsch factors. The simplest possibility is
the following
ME =
0BB@
C1 C2 C3
B1 B2 B3
A1 A2 A3
1CCA ; MTD =
0BB@
3C1 3C2 3C3
B1=3 B2=3 B3=3
A1 A2 A3
1CCA ; (4.25)
with Ai  Bi  Ci and   t0  0:2. Such textures give in rst approximation m  mb,
m  3ms, me  md=3 at the unication scale, in reasonable agreement with data, and
jU ec21 j  B=C  sin C=9, in agreement with the numerical gures above. The fact that t0
happens to be close to the Cabibbo angle implies that jMD12j  jMD21j in eq. (4.25).
5 Hierarchical neutrinos (cases B, C, D)
Let us now consider the situation when we drop the requirement of a semi-degenerate
neutrino mass spectrum, i.e. cases B, C and D in table 1. As discussed, case B gives the
same results for U , Ue, and ME as case A. In case C, the corresponding neutrino mixing
matrix U is at leading order in  given by
U = Diag(1; i; 1)R12(=4)R23(
B
23)B ; (5.1)
with sin(B23) = 1=
p
1 + jM12=M13j2 and B a diagonal matrix of phases. Constructing
Ue = UU , we nd that, contrary to the semi-degenerate case discussed above, both the
U e13 and U
e
31 elements are no longer bounded from below. This signicantly weakens the
constraints arising from the charged lepton sector, in fact this is just the situation discussed
in appendix D in the case that the O() corrections in U 0 of eq. (4.5) cancel the O(t0; te)
contributions in U e31;13, cf. eqs. (D.11) and (D.12). The constraints on ME and Uec then
relax to eqs. (D.13) and (D.14).
Finally in case D, the leading order contribution to U is a rotation in the 12-block,
whose size (set by the subleading contributions to M) is a free parameter. Constructing
Ue = UU and comparing to the semi-degenerate case A, this implies that the parameter
e12 is now no longer constrained. This turns out to only mildly weaken the bounds on the
charged lepton sector.
6 Conclusions
We considered a bottom-up approach to lepton avour based on a simple and motivated
hypothesis, the stability of (small) physical quantities with respect to the variations of indi-
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vidual matrix elements, assumed to correspond to independent parameters of an underlying
avour theory.
The technical tools gathered in the appendices allow to translate such an hypothesis
into a set of algebraic conditions on the matrix entries. When applied to the stability of the
small solar squared mass dierence m212, those conditions identify, at the leading order in
m212, a set of only four possible stable textures for the neutrino mass matrix, see table 1.
While those textures have been previously studied, we have for the rst time rigorously
associated them to the stability of m212, and obtained them from the solution of simple
algebraic conditions. More important, the stability hypothesis allows to set bounds on the
size of the subleading entries, and to draw consequences for the structure of the charged
lepton mass matrix.
The four textures are characterised by their neutrino mass pattern. Interestingly, two
of them correspond to a specic mass pattern: texture D corresponds to a third neutrino
hierarchically heavier than the other two and texture A corresponds to what we call a semi-
degenerate neutrino spectrum, i.e. to two quasi degenerate neutrinos and a third neutrino
neither hierarchically larger nor smaller than the other two (a spectrum compatible with
both normal and inverted ordering, depending on whether the third neutrino is heavier or
lighter). Therefore determining the neutrino spectrum might allow to uniquely identify the
neutrino mass texture. The semi-degenerate pattern is particularly interesting both from
the experimental and theoretical points of view: it corresponds to an overall neutrino mass
scale not much below the present experimental limit, perhaps within the reach of future
experiments aiming at determining the absolute neutrino mass scale; and it leads, under
the stability hypothesis, to quite a specic form of both the neutrino and charged lepton
mass matrices. We therefore mostly concentrated on the semi-degenerate case. However,
most of the results we obtained also hold in the case of texture B.
The neutrino contribution U to the PMNS matrix U = UeU
y
 is then precisely pre-
dicted, up to phase rotations, by the stability condition. In particular, U provides an
almost maximal contribution to the solar mixing angle, with a deviation predicted by sta-
bility to be . 0:01. The latter can hardly account for the deviation from maximal of the
solar mixing angle, =4  12  0:2, unless a O(50{100) ne-tuning is accepted.
With U determined by stability and U largely known from the experiment, the left-
handed charged lepton contribution to the PMNS matrix Ue can be reconstructed from
Ue = UU , with a precision mostly limited by unknown relative phases entering the prod-
uct. In turn, when the stability principle is applied to the charged lepton sector, Ue largely
determines both the charged lepton mass matrix and the right-handed mixing Uec . There-
fore, using no theoretical assumption but the stability of the small physical parameters, we
are lead in the case of semi-degenerate neutrinos to a well-dened structure for the lepton
mass matrices. Interesting features of such a structure are i) the atmospheric angle 23
and the deviation of the solar angle 12 from =4 are provided by the charged lepton mass
matrix in a natural (stable) way; ii) the deviation of 12 from =4 and the size of 13 turn
out to be essentially independent.
The information obtained on Uec is particularly useful in the context of SU(5) unica-
tion, where Uec is related to the down quark mixing by Clebsch factors, here constrained
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non-trivially by stability. We provided a simple example of choice of those factors compat-
ible with stability and leading in rst approximation to the relations m  mb, m  3ms,
me  md=3 at the unication scale, in reasonable agreement with data.
A naturalness argument can also be applied to the neutrino Majorana phases, leading
to a mild preference for the Majorana phase  to be close to =2. In turn, this has
interesting consequences for the mass parameter of neutrinoless double- decay m0 . In
general, the semi-degenerate regime is associated to a large overall neutrino mass scale,
which is known to correspond to a experimentally favourable range of m0 . The above
(mild) prejudice on the Majorana phases forces m0 towards the lower edge of the allowed
band, corresponding to m0  m cos 212.
A few nal remarks. The above considerations would greatly benet from a better
experimental determination of jU32=U31j, or equivalently of the Dirac phase , in the stan-
dard parameterisation of the PMNS matrix. Moreover, while we here considered the case in
which the mass matrix entries correspond to independent fundamental parameters, the re-
sults can be easily generalised to the case in which they are not independent. This would be
the case for example if a non-abelian symmetry correlated dierent matrix entries. Finally,
as the neutrino and charged lepton mass matrices are a direct emanation of the physics
from which lepton avour originates, the approach we illustrated may provide pieces of the
lepton avour puzzle, possibly relevant for a bottom-up investigation of the origin of avour.
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A The stability condition for m212 = 0
In this appendix we show how the stability condition leads to simple algebraic conditions
on the neutrino mass matrix and in turn to the textures in eq. (3.1).
Let us rst consider the 2  2 Majorana case as an illustration. Let M be a 2  2
symmetric complex mass matrix.5 The physical masses can be obtained as the eigenvalues
of M yM , i.e. as the solution of a simple quadratic equation:
m21;2 = m
2 
p

2
; (A.1)
5For easier readability, we will suppress the index  on the neutrino mass matrix and its eigenvalues in
the appendices, M M and mi  mi .
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where
2m2 = m21 +m
2
2 = jM11j2 + 2jM12j2 + jM22j2
 = (m21  m22)2 = (jM11j2   jM22j2)2 + 4jM11M12 +M12M22j2:
(A.2)
This shows that the discriminant  = (m21 m22)2 can be expressed as a simple polynomial
in Mij and M

ij . Let us now recover the stability condition in the m
2
12 ! 0, or  ! 0
limit, as in eq. (3.4). Stability with respect to variations of the M11 element requires
M11((jM11 + M11j2   jM22j2)2 + 4jM11M12 + M11M12 +M12M22j2) = 0 (A.3)
for M11 in a neighbourhood of zero. As the expression on the left-hand side above is
a polynomial in M11 and M

11, this requires the coecient of each (M11)
n(M11)m
term (in turn polynomials in Mij , M

ij) to vanish. The coecient of the highest term
(n = m = 2) is M11, hence M11 = 0. Analogously, the highest term in the M22 stability
condition forces M22 = 0. The vanishing of M11 and M22 is then enough to ensure stability,
as Mij (Mij + Mij) then vanishes identically for all ij = 11; 22; 12. The only texture in
which a small m212 is stable is therefore, in the m
2
12 ! 0 limit,
M = m
 
0 1
1 0
!
: (A.4)
The fact that the previous texture leads, when perturbed, to a small but stable m212
is well known. A precise denition of what \stable" means was missing however. Here
we have provided such a denition and proven that the above texture is the only stable
one. Note that the result is not completely trivial. Had we used the weaker form of the
stability condition in which eq. (3.3) is required to hold only for innitesimal variations
of the matrix entries, we would have obtained a dierent, unsatisfactory result, as such a
weaker form is not enough to control the stability. In fact, it is easy to see that any 2  2
matrix with M11M

12 + M12M

22 (if M12 6= 0) or jM11j = jM22j (if M12 = 0) satises the
weaker condition. For example
M = m
 
1 0
0 1
!
(A.5)
does. On the other hand, as we will see in appendix C, m212 is unstable in this case,
and the innitesimal variation misses the instability because the latter develops when the
relative variation is small, but larger than (m212=(2m
2))2.
Let us now get to the 33 case and again assume for deniteness that M is symmetric
(Majorana). Let us rst show that the quantity  in eq. (3.2) is indeed a polynomial in the
matrix entries and their conjugated and show how such a polynomial can be calculated.
The singular values mi  0, conventionally ordered, can be obtained from the eigen-
values m2i of M
yM . In turn, the latter eigenvalues solve the secular equation det(m213  
M yM) = 0 for m2. The latter is a polynomial equation in m2, as
det(m213  M yM) = m6  1m4 + 2m2  3 = (m2  m21)(m2  m22)(m2  m23) (A.6)
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where the coecients 1;2;3 are polynomials in Mij , M

ij (whose form can be obtained from
eq. (A.6)) and in the eigenvalues m2i
1 = m
2
1 +m
2
2 +m
2
3; 2 = m
2
1m
2
2 +m
2
2m
2
3 +m
2
1m
2
3; 3 = m
2
1m
2
2m
2
3: (A.7)
The expressions for the solutions of the cubic equation (the eigenvalues m2i ) in terms of its
coecients 1;2;3 are well known and involve the discriminant
  18 123   4 313 + 2122   4 23   27 23; (A.8)
which, when expressed in terms of the eigenvalues m2i through eqs. (A.7), becomes
 = ((m21  m22)(m22  m23)(m23  m21))2: (A.9)
We therefore see that the combination of eigenvalues in the above equation can be written,
through eq. (A.8), as a polynomial in Mij , M

ij . The explicit expression is cumbersome and
will not be reproduced here. The quantity  can also be obtained (up to a constant) as the
lowest order symmetric function of the eigenvalues m2i that vanishes if any two eigenvalues
coincide.
Eq. (3.4) gives
0 = jMij j(Mij + Mij) =
X
nm
jMij jcnmij (Mij ;Mij)(Mij)n(Mij)m; (A.10)
for all Mij in a neighbourhood of zero. Therefore, jMij jcnmij (Mij ;Mij) = 0 for all n;m
and for each i; j. Starting with varying the the o-diagonal elements (ij = 12; 13; 23), an
explicit calculation of the leading order coecients (n = m = 5) yields
jMij j c55ij = 4jMij j(jMiij2 + jMjj j2) ! Mij =0 or Mii=Mjj =0 for ij=12; 13; 23:
(A.11)
This allows for 4 types of textures,0BB@
0 M12 0
M12 0 0
0 0 M33
1CCA;
0BB@
0 M12 M13
M12 0 0
M13 0 0
1CCA;
0BB@
M11 0 0
0 M22 0
0 0 M33
1CCA;
0BB@
0 M12 M13
M12 0 M23
M13 M23 0
1CCA (A.12)
and the ones obtained from permutations of rows and columns. Calculating the other coef-
cients cnm (still for the variation with respect to the o-diagonal elements) and requiring
them to be zero eliminates the last texture.
Turning to the variation of the diagonal elements (ij = 11; 22; 33) and considering
again the leading order coecients, we nd
jMiij c44ii = jMiij(jMjj j2   jMkkj2) ! Mii = 0 or jMjj j = jMkkj ; (A.13)
with ijk cyclic permuations of 123. The remaining textures thus are0BB@
0 M12 0
M12 0 0
0 0 M33
1CCA;
0BB@
0 M12 M13
M12 0 0
M13 0 0
1CCA;
0BB@
0 0 0
0 0 0
0 0 M33
1CCA;
0BB@
M33e
i 0 0
0 M33e
i 0
0 0 M33
1CCA : (A.14)
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The last texture has m212 = 0 but also m
2
23 = 0 and should therefore be discarded as,
for m223 = 0, m
2
12 = 0 is not equivalent to  = 0. Both m
2
12 and m
2
23 are unstable
in this texture. The third texture can be obtained from the rst one setting M12 = 0. In
order to keep a non zero m223, one parameters in each of the rst two textures must be
non-zero, while one is allowed to vanish. This leads to the results in eq. (3.1) and in table 1.
B Stability constraints for nite m212 in texture A
In the realistic case in which m212 is small but not zero, and the neutrino mass spectrum
is semi-degenerate, the stability requirement forces the neutrino mass matrix M to be close
to the rst case in eq. (A.14),
M =
0BB@
M11 m M13
m M22 M23
M13 M23 m3
1CCA : (B.1)
where we have assumed a phase convention for the lepton elds in which the dominant 12
and 33 entries m and m3 to be real and positive. The remaining entries M11, M22, M13,
M23 represent small perturbations.
The eigenvalues of M yM can be obtained from a perturbative expansion in the small
entries:
m21 = m
2  m jM11 +M22j+ : : :
m22 = m
2 +m jM11 +M22j+ : : :
m23 = m
2
3 + : : : :
(B.2)
At leading order, this leads for m3 > m (m3 < m) to normal (inverted) hierarchy, with
m223  m23  m2 and
m212 = 2m jM11 +M22j+ (m212); (B.3a)
(m212) = e
i mm3(M
2
13 +M
2
23) + 2m
2M23M

13
m2  m23
+ h.c. + higher orders; (B.3b)
where ei is the phase of M11 +M

22.
We can now impose the stability constraint, eq. (2.1), to m212. Let us begin from the
variation with respect to the 11 entry, M11 !M11 + Mei (where M > 0 and the phase
of the variation is factored out). For that, it is enough to use the rst term in eq. (B.3a):
1 & max

(m212)M M11m212

 2 jM11jm
m212
max

 jM11 +M22 + Meij   jM11 +M22jM
 = 2 jM11jmm212 ; (B.4)
where we have used the fact that the stability inequality must hold for any value of the
phase . From eq. (B.4), and the analogous condition for 22 variations, we conclude that
jM11j; jM22j . m
2
12
2m
= 2m: (B.5)
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The previous condition ensures that m212 is stable in the leading order approximation.
The rst contribution to m212 in eq. (B.3), on the other hand, does not constrain the
13 and 23 entries. Let us then take into account the next to leading order correction in
eq. (B.3b) and recover the constraint on M13, M23. Let us consider rst a variation of the
23 element, M23 !M23 + Mei, which gives
1 & max

(m212)M M23m212

 jM23jm
m212(m
2  m23)
max

2(m3M23 +mM13)ei(+) + Mm3ei(2+) + h.c.
 jM23jm
m212(m
2  m23)
max [4jm3M23 +mM13j; 2 Mm3] : (B.6)
We therefore have 8>><>>:
2
jM23jm
m212
Mm3
jm2  m23j
. 1;
2
jM23jm
m212
2jm3M23 +mM13j
jm2  m23j
. 1;
(B.7)
for M M . Let us now show that the rst equation implies
R 

2mm3jM23j2
m212jm2  m23j
1=2
. 1: (B.8)
If this was not the case, i.e. if R  1, we could consider a variation of M23 of size M =
jM23j=R jM23j, for which we would have
2
jM23jm
m212
Mm3
jm2  m23j
=
M
jM23jR
2 = R 1; (B.9)
in contradiction with the rst condition in eq. (B.7). The stability constraint on M23 (and,
analogously, the one on M13) follows from eq. (B.8):
jM13j; jM23j .

m212
jm2  m23j
2mm3
1=2
= km (B.10)
Using this result, one also gets a bound on the product M13M23 from the second condition
in eq. (B.7):
jM13M23j1=2 . kpmm3  km: (B.11)
In summary, the neutrino mass matrix is constrained by stability to be in the form in
eq. (4.4). We have explicitly checked that that is also a sucient condition for stability.
Note that given the bounds eq. (B.5) and eq. (B.10), the two contributions in eq. (B.3a)
and (B.3b) turn out to be of the same order in . Using this information and rederiving the
above constraints order by order in  conrms the bounds on the elements of M derived
in this section, proving the self-consistency of this analysis.
We close this appendix discussing how the above results change for texture B, i.e. when
m3 is set to zero. The bounds on the 11 and 22 elements of M do not depend on m3
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and therefore do not change. The 33 element of M , on the other hand, is now allowed
to be sizeable, as we know from the stability of texture A. On the other hand, a sizeable
33 element brings us back to texture A. We can therefore say that the 33 element of M
is small by the very denition of texture B. Similar considerations hold for the 13 and
23 elements. While their product is still bounded (by 2m2=2, see the second condition
in eq. (B.7)), the individual elements M13 and M23 are now allowed to be sizeable,
provided that the other one is correspondingly suppressed. However, a sizeable M13 or
M23 brings us towards texture C. We can therefore again say that the 13 and 23 elements
of M are small by the very denition of texture B. In the end, we get for texture B results
similar to those found for texture A, i.e. . 2 deviations from =4 for the 12 rotation and
.  contributions in U 0 in eq. (4.4).
C Finite dierences against innitesimal variations
It is instructive to consider again the 2  2 case, which nicely shows why the innitesimal
form of the stability condition is not enough to exclude the texture in eq. (A.5). Let us
add a small, o-diagonal element to that texture in order to generate a small m212:
M = m
 
1 
 1
!
; (C.1)
with 0 <   1 (not to be confused with the  in eq. (4.2)). We then have 2 
m212=(2m
2)  1. Let us now study the behaviour of  = (m212)26 with respect to
(real) variations of the matrix entries. When using innitesimal variations we get @@M11M11
 =  @@M22M22
 = 1;  @@M12M12
 = 2: (C.2)
The texture appears to be stable. But this is not the case. Let us consider now a variation
of the entries by a nite amount  (1! 1 + , or ! + ). We now have M11M11
 =  M22M22
 = 1 + 14 + 142

+
2
42
+
3
162
;
 M12M12
 = 2 +  :
(C.3)
The innitesimal limit is recovered when   42  (m212=(2m2))2. On the other hand,
when 42    1, the instability emerges, M11M11
  42  1: (C.4)
A nite variation larger than the (square of the) small scale of the problem, (m212=(2m
2))2,
is necessary in order to see the instability. This is similar to what was found in [18] for
charged leptons.
6As in other cases, we consider (m212)
2 instead of m212 simply because  has a polynomial expression
in the matrix entries that turns useful when computing nite variations.
{ 22 {
J
H
E
P
0
6
(
2
0
1
6
)
0
3
1
D Stability of the charged lepton mass matrix
In this appendix we prove the statements in eqs. (4.22), (4.23). We will make use of
Proposition 2 in [18]. According to which, the stability of ME is equivalent to
jMEihMEjkj . mm for all i 6= j, h 6= k
jME1iME2jME3kj . memm for all ijk permutations of 123:
(D.1)
We order the singlet leptons eci in such a way that jU e
c
ii j  1 and denote
te = tan 
e
12; t
0 = tan 012; tmax = max(te; t
0); tmin = min(te; t0): (D.2)
According to eq. (4.19), the third row of ME is in the form (jME3i j)  (tem ;m ;m ).
Here we are neglecting the .  contributions from U 0 in eq. (4.4), a point we will return to
in the second part of this appendix. Stability then requires jME2i j . m (same for for the
rst row ME1i). Then
m & jME23j = jU e
c
32mU
e
33 +O ( m) j; (D.3)
together with jU e33j  1, implies jU e
c
32 j . m=m . Analogously, jU e
c
31 j . m=m . Using the
latter result and the explicit form of Ue in the expression M
E
21 = U
ec
k2mkU
e
k1, one nds that
jME21j . tmaxm. Moreover, at least one out of jME22j and jME23j must be of order m. This
follows from
U e
c
22m = (U
e
33M
E
22   U e32ME23)=D +O (me) ; (D.4)
and jU ec22 j  1, where D is the determinant of the 23 block of the matrix Ue, D =
e iece12c012   c^23se12s012  e iece12c012  1. In the following we will assume for de-
niteness that jME23j  m. The results for the case in which jME22j  m can be ob-
tained by exchanging the last two columns of ME . This is the origin of the permutation
matrix P23 in eq. (4.22). All in all, the second line of ME must then be in the form
(jME2i j) = (. tmaxm;. m; m).
Let us now consider the rst row of ME . Eq. (D.1) requires jME11j . me, jME12j . me=te,
and inverting ME = U
T
ecM
diag
E Ue we obtain
jU e11ME11 + U e12ME12 + U e13ME13j=me = jU e
c
11 j  1; (D.5)
which forces jME13j . me=tmin. Therefore we have, for the rst row of ME , (jME1i j) = (.
me;. me=te;. me=tmin). We can still improve on the above approximate bound. Using
me & jME11ce12 +ME12se12j = jmec012U e
c
11  ms012U e
c
21 j (D.6)
we get jU ec21 j . me=(mt0), and using
1 & jM
E
13M
E
21M
E
32  ME13ME22ME31j
memm

U ec22U ec33s012s^23 U ec31 c^23mme + e ie s^23

U e
c
21c
0
12
m
me
+ U e
c
11s
0
12
 (D.7)
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we get jU ec31 j . me=(m t0). Using the above bounds in the expressions ME1j = U e
c
k1mkU
e
kj for
the matrix elements of the rst row of ME we obtain the bounds jME12j . me=t0, jME13j .
me=t
0 that, together with the previous ones, give (jME1i j) = (. me;. me=tmax;. me=t0).
All in all we get the following stability bounds on the charged lepton mass matrix
jME j =
0BB@
. me . me=tmax . me=t0
. mtmax . m  m
 m te  m m
1CCA ; besides
jME12ME21j . mem
jME13ME21j . mem
jME13ME22j . mem=te
: (D.8)
We can now show that the above bounds are equivalent to the existence of a t in the range
t0  t  max(t0; te) satisfying the bounds in eq. (4.22). Clearly, if ME satises the bounds in
eq. (4.22), with t in the above range, then it also satises the bounds in eq. (D.8). In order to
show the the vice versa also holds, we observe that eq. (D.8) implies the following 9 bounds
t0;
jME21j
m
;
jME22jte
m
. mejME21j
;
me
jME13j
; tmax: (D.9)
It then suces to choose t such that
t0  max

t0;
jME21j
m
;
jME22jte
m

. t . min

me
jME21j
;
me
jME13j
; tmax

 tmax (D.10)
(and to make sure that t0  t  tmax, with no wiggles) in order to satisfy the bounds in
eq. (4.22).
Finally, eq. (4.23) follows from using the bounds in eq. (4.22) in the expression U e
c
ki =
(U ekj)
MEij =mk, obtained inverting ME = U
T
ecM
diag
E Ue.
Now, let us return to the .  contributions from the 13- and 23-rotations by angles
13 and 

23 in the neutrino sector, leading to .  contributions in all entries of Ue. This
can aect the above results wherever we use the explicit form of Ue. Most importantly,
U e31 = sin(^23) sin(
e
12)  cos(^23) 13 ; (D.11)
U e13 = s^23s
0
12 + c
0
12e
ie(c^12    is^12+)  c^23s012(ic^12+ + s^12 ) ; (D.12)
with 13 = sin(

13)e
 i'13 , + = ei(sin(13)ei'

13 + sin(23)e
i'23)=
p
2,   =
ei(sin(13)e
i'13   sin(23)ei'

23)=
p
2 and j13j; jj . . Hence, with   0:09 for
m1 > 0:05 eV, cancellations between the O(12) terms and the O(te; t0) terms are pos-
sible. This implies that strictly speaking there is no lower bound on U e31, U
e
13, unlike the
case in which the 13; corrections can be neglected. On the other hand, a vanishing value
for jU e31;13j is not the generic case, but occurs only for specic parameter choices. In par-
ticular, the 13; corrections have to be suciently close to the upper bounds of eq. (4.4).
Still, if this is the case and the cancellation takes place, the bound on the rst row of ME
is signicantly weakened,
jME j =
0BB@
. me . m . m
. mt0max . m  m
 m  m  m
1CCA : (D.13)
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with t0max = max(tmax; tan(13)). For Uec this implies
jUec j =
0BB@
 1 < 1 . m=m
< 1  1 . m=m
. m=m . m=m  1
1CCA : (D.14)
In the main part of this paper, we focus on the situation in which this cancellation does
not occur - relevant for the vast part of the parameter space. This is however a special
situation to be kept in mind as it allows to evade some of the bounds imposed on the
structure of the charged lepton mass matrix and mixing.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] P.H. Frampton and T.W. Kephart, Simple non-Abelian nite avor groups and fermion
masses, Int. J. Mod. Phys. A 10 (1995) 4689 [hep-ph/9409330] [INSPIRE].
[2] H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada and M. Tanimoto, Non-Abelian
discrete symmetries in particle physics, Prog. Theor. Phys. Suppl. 183 (2010) 1
[arXiv:1003.3552] [INSPIRE].
[3] S.F. King and C. Luhn, Neutrino mass and mixing with discrete symmetry, Rept. Prog.
Phys. 76 (2013) 056201 [arXiv:1301.1340] [INSPIRE].
[4] I. de Medeiros Varzielas and G.G. Ross, SU(3) family symmetry and neutrino bi-tri-maximal
mixing, Nucl. Phys. B 733 (2006) 31 [hep-ph/0507176] [INSPIRE].
[5] S.F. King, Predicting neutrino parameters from SO(3) family symmetry and quark-lepton
unication, JHEP 08 (2005) 105 [hep-ph/0506297] [INSPIRE].
[6] J. Berger and Y. Grossman, Model of leptons from SO(3)! A4, JHEP 02 (2010) 071
[arXiv:0910.4392] [INSPIRE].
[7] A. Adulpravitchai, A. Blum and M. Lindner, Non-Abelian discrete groups from the breaking
of continuous avor symmetries, JHEP 09 (2009) 018 [arXiv:0907.2332] [INSPIRE].
[8] L. Wolfenstein, Dierent varieties of massive Dirac neutrinos, Nucl. Phys. B 186 (1981) 147
[INSPIRE].
[9] T. Fukuyama and H. Nishiura, Mass matrix of Majorana neutrinos, hep-ph/9702253
[INSPIRE].
[10] D.B. Kaplan, Flavor at SSC energies: a new mechanism for dynamically generated fermion
masses, Nucl. Phys. B 365 (1991) 259 [INSPIRE].
[11] M. Redi, Leptons in composite MFV, JHEP 09 (2013) 060 [arXiv:1306.1525] [INSPIRE].
[12] N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali and J. March-Russell, Neutrino masses from
large extra dimensions, Phys. Rev. D 65 (2002) 024032 [hep-ph/9811448] [INSPIRE].
[13] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions,
Phys. Rev. D 61 (2000) 033005 [hep-ph/9903417] [INSPIRE].
{ 25 {
J
H
E
P
0
6
(
2
0
1
6
)
0
3
1
[14] G.R. Dvali and A. Yu. Smirnov, Probing large extra dimensions with neutrinos, Nucl. Phys.
B 563 (1999) 63 [hep-ph/9904211] [INSPIRE].
[15] Y. Grossman and M. Neubert, Neutrino masses and mixings in nonfactorizable geometry,
Phys. Lett. B 474 (2000) 361 [hep-ph/9912408] [INSPIRE].
[16] L.J. Hall, H. Murayama and N. Weiner, Neutrino mass anarchy, Phys. Rev. Lett. 84 (2000)
2572 [hep-ph/9911341] [INSPIRE].
[17] G. Altarelli and F. Feruglio, Discrete avor symmetries and models of neutrino mixing, Rev.
Mod. Phys. 82 (2010) 2701 [arXiv:1002.0211] [INSPIRE].
[18] D. Marzocca and A. Romanino, Stable fermion mass matrices and the charged lepton
contribution to neutrino mixing, JHEP 11 (2014) 159 [arXiv:1409.3760] [INSPIRE].
[19] R.D. Peccei and K. Wang, Natural mass matrices, Phys. Rev. D 53 (1996) 2712
[hep-ph/9509242] [INSPIRE].
[20] H. Fritzsch and Z.-Z. Xing, Flavor symmetries and the description of avor mixing, Phys.
Lett. B 413 (1997) 396 [hep-ph/9707215] [INSPIRE].
[21] G.C. Branco, M.N. Rebelo and J.I. Silva-Marcos, Degenerate and quasidegenerate Majorana
neutrinos, Phys. Rev. Lett. 82 (1999) 683 [hep-ph/9810328] [INSPIRE].
[22] G. Altarelli and G. Blankenburg, Dierent SO(10) paths to fermion masses and mixings,
JHEP 03 (2011) 133 [arXiv:1012.2697] [INSPIRE].
[23] M. Gupta, P. Fakay, S. Sharma and G. Ahuja, Fermion mass matrices, textures and beyond,
Mod. Phys. Lett. A 30 (2015) 1530024 [arXiv:1604.03335] [INSPIRE].
[24] Particle Data Group collaboration, K.A. Olive et al., Review of particle physics, Chin.
Phys. C 38 (2014) 090001 [INSPIRE].
[25] R. Barbieri and G.F. Giudice, Upper bounds on supersymmetric particle masses, Nucl. Phys.
B 306 (1988) 63 [INSPIRE].
[26] S.T. Petcov, On pseudo-Dirac neutrinos, neutrino oscillations and neutrinoless double beta
decay, Phys. Lett. B 110 (1982) 245 [INSPIRE].
[27] C.N. Leung and S.T. Petcov, A comment on the coexistence of Dirac and Majorana massive
neutrinos, Phys. Lett. B 125 (1983) 461 [INSPIRE].
[28] R. Barbieri, L.J. Hall, D. Tucker-Smith, A. Strumia and N. Weiner, Oscillations of solar and
atmospheric neutrinos, JHEP 12 (1998) 017 [hep-ph/9807235] [INSPIRE].
[29] G. Altarelli, F. Feruglio and I. Masina, Large neutrino mixing from small quark and lepton
mixings, Phys. Lett. B 472 (2000) 382 [hep-ph/9907532] [INSPIRE].
[30] G. Altarelli and F. Feruglio, Neutrino masses and mixings: a theoretical perspective, in
Neutrino telescopes. Proceedings, 8th International Workshop, vols. 1 and 2, Venice Italy
February 23{26 1999 [hep-ph/9905536] [INSPIRE].
[31] N. Palanque-Delabrouille et al., Constraint on neutrino masses from SDSS-III/BOSS Ly
forest and other cosmological probes, JCAP 02 (2015) 045 [arXiv:1410.7244] [INSPIRE].
[32] Topical Conveners collaboration, K.N. Abazajian et al., Neutrino physics from the
cosmic microwave background and large scale structure, Astropart. Phys. 63 (2015) 66
[arXiv:1309.5383] [INSPIRE].
{ 26 {
J
H
E
P
0
6
(
2
0
1
6
)
0
3
1
[33] T. Basse, O.E. Bjaelde, J. Hamann, S. Hannestad and Y.Y.Y. Wong, Dark energy properties
from large future galaxy surveys, JCAP 05 (2014) 021 [arXiv:1304.2321] [INSPIRE].
[34] S.M. Bilenky, S. Pascoli and S.T. Petcov, Majorana neutrinos, neutrino mass spectrum,
CP-violation and neutrinoless double beta decay. 1. The three neutrino mixing case, Phys.
Rev. D 64 (2001) 053010 [hep-ph/0102265] [INSPIRE].
[35] D. Marzocca, S.T. Petcov, A. Romanino and M. Spinrath, Sizeable 13 from the charged
lepton sector in SU(5), (tri-)bimaximal neutrino mixing and Dirac CP-violation, JHEP 11
(2011) 009 [arXiv:1108.0614] [INSPIRE].
[36] H. Fritzsch and Z.-Z. Xing, On the parametrization of avor mixing in the standard model,
Phys. Rev. D 57 (1998) 594 [hep-ph/9708366] [INSPIRE].
[37] F. Feruglio, A. Strumia and F. Vissani, Neutrino oscillations and signals in  and 02
experiments, Nucl. Phys. B 637 (2002) 345 [Addendum ibid. B 659 (2003) 359]
[hep-ph/0201291] [INSPIRE].
[38] F. Capozzi, E. Lisi, A. Marrone, D. Montanino and A. Palazzo, Neutrino masses and
mixings: status of known and unknown 3 parameters, Nucl. Phys. B 908 (2016) 218
[arXiv:1601.07777] [INSPIRE].
[39] D. Marzocca, S.T. Petcov, A. Romanino and M.C. Sevilla, Nonzero jUe3j from charged lepton
corrections and the atmospheric neutrino mixing angle, JHEP 05 (2013) 073
[arXiv:1302.0423] [INSPIRE].
[40] KamLAND-Zen collaboration, A. Gando et al., Limit on neutrinoless  decay of 136Xe
from the rst phase of KamLAND-Zen and comparison with the positive claim in 76Ge,
Phys. Rev. Lett. 110 (2013) 062502 [arXiv:1211.3863] [INSPIRE].
[41] S. Dell'Oro, S. Marcocci, M. Viel and F. Vissani, Neutrinoless double beta decay: 2015
review, Adv. High Energy Phys. (2016) 2162659 [arXiv:1601.07512] [INSPIRE].
[42] KATRIN collaboration, A. Osipowicz et al., KATRIN: a next generation tritium beta decay
experiment with sub-eV sensitivity for the electron neutrino mass. Letter of intent,
hep-ex/0109033 [INSPIRE].
[43] C. Kraus et al., Final results from phase II of the Mainz neutrino mass search in tritium beta
decay, Eur. Phys. J. C 40 (2005) 447 [hep-ex/0412056] [INSPIRE].
[44] Troitsk collaboration, V.N. Aseev et al., An upper limit on electron antineutrino mass from
Troitsk experiment, Phys. Rev. D 84 (2011) 112003 [arXiv:1108.5034] [INSPIRE].
[45] A. Romanino and R. Yakefu, in preparation.
{ 27 {
